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Abstract 

In this paper, we study a class of nonlocal dispersion equation with monostable nonlinearity in 
n-dimensional space 

ut-J*u + u + d{u{t,x)) = /jj„ fii{y)b{u{t -t,x- y))dy, 
u{s, x) — uq(s, x), s £ [— T, 0], a; e M", 

where the nonlinear functions d{u) and b{u) possess the monostable characters like Fisher-KPP 
type, fj3{x) is the heat kernel, and the kernel J{x) satisfies J(^) = 1 — /C|^|" + o(|^|") for < a < 2. 
After establishing the existence for both the planar traveling waves (j)(x ■ e + ct) for c > (c* is 
the critical wave speed) and the solution u(t, x) for the Cauchy problem, as well as the comparison 
principles, we prove that, all noncritical planar wavefronts 4>{x ■ e + ct) are globally stable with the 
exponential convergence rate i-"/"e~^^ for fir > 0, and the critical wavefronts (j){x ■ e + c*t) are 
globally stable in the algebraic form The adopted approach is Fourier transform and the 

weighted energy method with a suitably selected weight function. These rates are optimal and the 
stability results significantly develop the existing studies for nonlocal dispersion equations. 

Keywords: Nonlocal dispersion equations, traveling waves, global stability, the Fisher-KPP 
equation, time-delays, weighted energy, Fourier transform. 
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1 Introduction 

For the gradient flow to an order parameter describing the state of a solid material, for example, a 
perfect crystal with two different orientations, it is usually described by a convolution model of phase 
transition in the form [SJ H H [231 [211 

ut = J*u-u + F{u), (x,t)GM"xM+, (1.1) 
where x = (xi,X2, • • • ,Xn) £ IK", Jix) is a non-negative and radial kernel with unit integral, and 

{J*u){t,x)= [ J{x-y)u{t,y)dy. (1.2) 
As showed in [H [11], when the kernel J{x) has a second momentum, for example, J is compact- 

2 

supported or Gaussian-like kernel J ~ , its Fourier transform looks like 

j(0 = i-/ciei' + o(iei'), /c>o, 

then the effect of the nonlocal dispersion J * u — u is almost the same to the linear diffusion ICAu: 

J * u — u ~ ICAu, 

which informs us to expect that the behaviors of the solutions to the nonlocal dispersion equation and 
the linear diffusion equation are almost identical [H [H [231 El] 

ut = J * u — u 44> Uf = ICAu. 

Notice that, comparing with the heat equations, the solutions for the nonlocal dispersion equations 
usually loss the spatial regularity, but have much better regularity in time, see Remark 14.21 below for 
details. 

In general, J{x) may not have a second momentum, let us say, 

J(^) = l-/C|er + o(|er) asC^O for aG(0,2). 
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One example is the Cauchy law by taking J{x) = which implies its Fourier transform mentioned 

above with a = 1. In this case, the behavior of the solutions to the nonlocal dispersion equation is 
almost identical to the fractional diffusion equation [U [HI [231 EH 

ut = J*u-u ^ ut = /CA"/^n. 

Equation (jl.ip represents also the dynamical population model of single species in ecology |13j . 
where u{t, x) is the density of population at location x and time t, and J{x — y) is thought of as the 
probability distribution of jumping from location y to location x, and J * u = J^„ J{x — y)u{t, y)dy 
is the rate at which individuals are arriving to position x from all other places, while —u{x, t) = 
— /ign J{x — y)u{t, x)dy stands the rate at which they are leaving the location x to travel to all other 
places. In this case, under the consideration of the effects from birth rate and death rate, the equation 
p.ip is usually written as follows 

ut = J *u-u + h{u{t -T,x)) - d{u{t,x)), (x,t)GM"xM+, (1.3) 

where h{u{t — t,x) is the birth rate function, d{u{t,x)) is the death rate function, and r > is the 
mature age of the single species, which is usually called the time-delay. Furthermore, if we consider 
the distribution of all matured population, the effect of birth rate is then involved in whole space R"- 
[201 [391 [TT] , and the equation is expressed as 

— - J *u + u + d{u{t,x)) = j fp{y)h{u{t-T,x-y))dy, (1.4) 

where fpiy), with /3 > 0, is the heat kernel in the form of 

My^ = 77^^^ ^it^ / My)dy = i- (1-5) 

(47r/3)2 

Notice that, by using the property of heat kernel 



lim, / f0{y)b{u{t-T,x -y))dy = b{u{t-T,x)), 



we then derive the equation (|1.3p as a limit of the equation (|1.4p by taking /3 — )• O"*", and further derive 
the regular nonlocal dispersion equation (jl.ip from the equation (|1.3p by taking the time-delay r = 
and F{u) = b{u) — d{u). In particular, if we set d{u) = v? and b{u) = u, then, from (jl.ip we get the 
classical Fisher-KPP equation with nonlocal dispersion 

ut = J*u — u + u{l — u). (1.6) 

So, the equations (jl.ip and (jl.3p and (jl.6p all are the special cases of the equation p.4p . 

In this paper, we will concentrate ourselves to the Cauchy problem for the more generalized 
equation (jl.4p with non-locality of birth rate 

-wr-J*u + u + d{u{t, x)) = / fp{y)h{u{t -t,x- y))dy, 



dt ^ ^ ' An '^^"^ ' ^ ' (1.7) 

^u{s,x) = Uo{s,x), s G [— T, 0], X G M". 
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When r = (no time-delay), then the above equation is reduced to 

du f 

— - J *u + u + d{u) = / fp{y)h{u{t,x -y))dy, 



;i.8) 



We will also discuss how the time-delay r effects the property of the solutions. 

For the equation (jl.ip in ID case, when F{u) is bistable, namely, two constant equilibria n_ and Uj^ 
both are the stable nodes (the typical example is the Huxley equation with F{u) = u{u — a)(l — u) for 
< a < 1), Bates et al [%\ and Chen [6] proved that the traveling waves are globally stable as t — +oo. 
In this paper, we consider another important type of equations with monostable nonlinearity. The 
typical example in this case is Fisher-KPP equation with F{u) = u{l — u). Hence, throughout this 
paper, we assume that the death rate d{u) and birth rate b{u) capture the following characters of 
monostable nonlinearity: 

(Hi) There exist n_ = and u+ > such that d(0) = 6(0) = 0, d{u^) = 6(tt+), and d{u),b{u) G 

(H2) b'{0) > d'{0) > and < 6'(n+) < d'{u+); 

(H3) For < n < u+, d'{u) > 0, b'{u) > 0, d"{u) > 0, b"{u) < 0. 

These characters are summarized from the classical Fisher-KPP equation, see also the monostable 
reaction-diffusion equations in ecology, for example, the Nicholson's blowflies equation [371 EH EHl HI] 
with 

d{u) = 6u and b{u) = pne""", p > 0,5 > 0,a > 

and n_ = and u+ = ^ In | > under the consideration of 1 < | < e; and the age-structured 
population model [H [201 [Ml 1121 E] with 

d{u) = 5u^ and b{u) = pe~'^'^u, 6 > 0, p > 0, 7 > 0, 

and n_ = and = |e~'^'^. 

Clearly, under the hypothesis (Hi)-(H3), both ii_ = and u+ > are constant equilibria of 
the equation (jl.7p . and u_ = is unstable and is stable for the spatially homogeneous equation 
associated with ()1.7p . this is why we call the equation (|1.7p . including (jl.ip and ()1.3p and (jl.Sp . as 
monostable. 

On the other hand, we also assume the kernel J{x) satisfying: 

n „ 

(Ji) J{x) = I I Ji(xj), where Ji{xi) is smooth, and Ji{xi) = Ji{\xi\) > and / Ji{xi)dxi = 1 for 

i = 1,2 - • • ,n, and \yi\Ji{yi)e~^*y^dyi < 00 for A* > defined in (fO]) and ([2^ : 

(J2) Fourier transform of J(x) satisfies J(0 = 1 - /C|^|° o(|^|") as ^ ^ with a G (0,2] and /C > 0. 

A planar traveling wavefront to the equation (|1.7p for r > is a special solution in the form of 
u{t,x) = (p{x-e + ct) with i;^(iboo) = u±, where c is the wave speed, e is a unit vector of the basis of M". 
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Without loss of generality, we can always assume e = ei = (1, 0, • • • , 0) by rotating the coordinates. 
Thus, the planar traveling wavefront (f){x ■ ei + ct) = (j){xi + ct) satisfies, for r > 0, 

(1.9) 



c(P' - J*(t> + ^ + d{(t>) = I fp{y)b{(t){ii -yi- cT))dy, 
^(p{±oo) = u±, 



where ' = ^ and ^^i = xi + ct. Let 



1 _^ 



Then 



(1-10) 

n „ 

fpiv) ■=T] fi^iVi)^ and / fip{yi)dyi = I, i=l,2,--- ,n, (1.11) 

r=i -^R 



and (|1.9|) is reduced to, for r > 0, 



ccp' - Ji * (p + (j) + d{(t)) = / hp{yi)h{(l){ii -yi- cT))dyi 
(iboo) = u±. 



(1.12) 



The main purpose of this paper is to study the global asymptotic stability of planar traveling wavefronts 
of the equations ()1.7p and (jl.Sp with or without time-delay, respectively, in particular, in the case of 
the critical wave (^{xi + c*t). Here the number is called the critical speed (or the minimum speed) 
in the sense that a traveling wave <j){xi + ct) exists if c > c^,, while no traveling wave (p{xi + ct) exists 
if c < c*. 

The nonlocal dispersion equation (jl.ip has been extensively studied recently. Chasseigne et al 
[1] and Cortazar et al [8j showed that the linear nonlocal dispersion equation (jl.ip (with F = 0) is 
almost equivalent to the linear diffusion equation, and the asymptotic behavior of the solutions to 
the linear equation of nonlocal dispersion is exactly the same to the corresponding linear diffusion 
equation. Ignat and Rossi [231 121] further obtained the asymptotic behavior of the solutions to the 
nonlinear equation (jl.ip . Garcia- Melian and Quiros [17] investigated the blow up phenomenon of the 
solution to the equation (jl.ip with F[u) = vP , and gave the Fujita critical exponent. Regarding the 
structure of special solutions to (jl.ip like traveling wave solutions, early in 1997 Bates et al [2] and 
Chen [6] established the existence of the traveling waves for (jl.ip with bistable nonlinearity, and proved 
their global stability. For (jl.ip with monostable nonlinearity, recently Coville and his collaborators 
O [lOl [TTl [12] studied the existence and uniqueness (up to a shift) of traveling waves. See also the 
existence/nonexistence of traveling waves by Yagisita |53] and the existence of almost periodic traveling 
waves by Chen [5]. However, the stability of traveling waves for the nonlocal equation (jl.7p (including 
(jl.ip and (jl.Sp ) with monostable nonlinearity is almost not related, except a special case for the fast 
waves with large wave speed to the ID age-structured population model by Pan et al [H]. As we 
know, such a problem is also very significant but challenging, because the equations of Fisher-KPP 
type possess an unstable node, different from the bistable case, this unstable node usually causes a 
serious difficulty in the stability proof, particularly, for the critical traveling waves. The main interest 
in this paper is to investigate the stability of traveling waves to (jl.7p with r > and (jl.Sp with 
r = 0. An easy to follow method will be introduced for the stability proof to the nonlocal dispersion 
equations. 
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In this paper, we will first investigate the linearized equation of ()1.7p . and derive the optimal 
decay rates of the solution to the linearized equation by means of Fourier transform. This is a 
crucial step for get the optimal convergence for the nonlocal stability of traveling waves. Then, we will 
technically establish the global existence and comparison principles of the solution to the n-D nonlinear 
equation with nonlocal dispersion ()1.7p . Inspired by |l3] for the classical Fisher-KPP equations and 
the further developments by \39\ I40j. by ingeniously selecting a weight function which is dependent 
on the critical wave speed c*, and using the weighted energy method and the Green function method 
with the comparison principles together, we will further prove that, all noncritical planar traveling 
waves (/>(x ■ e + ct) are exponentially stable in the form of t~'^e~^'^ for some constant fir = h{t) such 
that < < /Uo for r > 0; and all critical planar traveling waves 0(x-e + c*i) are algebraically stable 
in the form of . These convergence rates are optimal and the stability results significantly develop 
the existing studies on the nonlocal dispersion equations. We will also show that the time-delay r 
will slow down the convergence of the the solution u{t, x) to the noncritical planar traveling waves 
4>{x ■ e + ct) with c > Cif, and cause the higher requirement for the initial perturbation around the 
wavefronts. 

For the stability of traveling waves to other modeling equations, we refer to the classical and 
significant contributions inPEllZllIllIllEIlEaEHllMlEQlEIlEai^ 

[501 EH [52] for reaction-diffusion equations and [IS [IH [261 [271 [SI [351 [361 [13 [51] for fluid dynamical 
systems, and the references therein. 

The paper is organized as follows. In section 2, we will state the existence of the traveling waves, and 
their stability. In section 3, we will give the solution formulas to the linearized dispersion equations of 
()1.7p and (jl.Sp . and derive the optimal decay rates by Fourier transform with energy method together. 
In section 4, we will prove the global existence of the solution to (|1.7p and establish the comparison 
principle. In section 5, based on the results obtained in sections 3 and 4, by using the weighted 
energy method, we will further prove the stability of planar traveling waves including the critical and 
noncritical waves. Finally, in section 6, we will give some particular applications of our stability theory 
to the classical Fisher-KPP equation with nonlocal dispersion and the Nicholson's blowflies model, 
and make a concluding remark to a more general case. 

Before ending this section, we make some notations. Throughout this paper, C > denotes 
a generic constant, while Cj > and Cj > {i = 0, 1,2, •••) represent specific constants, j = 
in ■,32^''' ^jn) denotes a multi-index with non-negative integers ji > {i — ,n), and |j| — 

ii + J2 + ■ ■ ■ + jn ■ The derivatives for multi-dimensional function are denoted as 

difix) ■.= di\---dilf{x). 

For a n-D function /(x), its Fourier transform is defined as 

HfM = fiv) ■■= [ e-''^-y{x)dx, i:=V^, 

and the inverse Fourier transform is given by 

Let / be an interval, typically / = M". L^il) (p > 1) is the Lebesque space of the integrable functions 
defined on /, W'''P{I) {k > 0,p > 1) is the Sobolev space of the L^-functions f{x) defined on the 
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interval I whose derivatives dif with \j\ = k also belong to and in particular, we denote 

W''''^{I) as H^{I). Further, Lw{I) denotes the weighted L^-space for a weight function w{x) > with 
the norm defined as 

\\f\\^^ = [jw{x)\f{x)\^dx)"\ 
W^''\I) is the weighted Sobolev space with the norm given by 




and H^{I) is defined with the norm 

k 

ll/lk = (E j ^{xMf{x)\'dxf\ 

Let T > be a number and i3 be a Banach space. We denote by C''([0, T]^B) the space of the i3-valued 
continuous functions on [0, T], L?'{[{),T\,B) as the space of the ^S-valued L^-functions on [0, T]. The 
corresponding spaces of the ^S- valued functions on [0, oo) are defined similarly. 

2 Traveling Waves and Their Stabilities 

As we mentioned before, the existence and uniqueness (up to a shift) of traveling waves for the 
equation (jl.ip were proved in [9l [TOl W\\ 112) . particular, in a recent work by Yagisita [SS] for the 
existence and nonexistence of traveling waves, when the nonlinearity F{u) is monostable. Without 
any difficulty, these results can be extended to the nonlocal equation (|1.7p with time-delay with the 
help of comparison principle established in Section 4, when d{u) and b{u) satisfy the monostable 
features (Hi)-(H3). We state these results as follows without detailed proof. 

Theorem 2.1 Under the conditions (Hi)-(H^) and (Ji)-(J2), for the time-delay r > 0, there exist a 
minimum wave speed (also called the critical wave speed) c* > such that 

• when c> Ci,, there exits a monotone traveling wavefront <j){xi +ct) of ()1.9p connecting u± exists; 

• when c < Ctf, no traveling wave ^{x\ + ct) exists. 
Here (c^,. A*) with > and A* > zs given by 

HcM = GcAK), <(A.) = G^,(A,), (2.1) 

where 

H,{X) = 6'(0)e/^^'-^^^ Ge(A) = cA - E,{X) + d'(0), E,{X) = [ Ji(yi)e-^^Myi - 1, (2.2) 

JR 

namely, (c#,A,=) is the tangent point of Hc{X) and Gc{X) specified as 

5'(0)e/3A^~A.c.r ^ ^^^^ _ f j^{y^)e-^*yidyi + 1 + d'{0), (2.3) 

Jr 

6'(0)(2/3A, - c,r)e''^*-^*'=*^ = + [ yiJiiyi)e-^'y'dyi. (2.4) 

Jr 

Furthermore, it can be verified: 
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Case: c=c. 


H^W / 




Case: c<c. 


/ 





















(a) ^ h (b) ^- (c) ^• 

Figure 2.1: (a): the case of c > c*; (b): the case of c = c*; and (c): the case of c < c*. 

• In the case ofoc^, there exist two numbers depending on c: Ai = Ai(c) > and A2 = A2(c) > 
as the solutions to the equation Hc{\i) = Gc{Xi), i.e., 



such that 



and particularly, 



y{Q)eP\-^^-- = cXi- Ji{yi)e-^^y'dyi + d'{0), i = 1,2, 

JR 

H,{X) < Ge(A) for Ai < A < A2, 



Hc{X^.) < Gc(A*) with Ai < A* < A2. 
In the case of c = c.^, it holds 

Hc,{X*) = Gc,{X*) with Ai = A* = A2. 



(2.5) 

(2.6) 
(2.7) 

(2.8) 



When ^1 = + — 7- ±00, for all c > c*, the traveling wavefronts (j){xi + at) converge to u± 
exponentially as follows 

|</)(ei)-n±| = 0(l)e-^*l«^l. (2.9) 

Here X~ = Ai(c) > is given in (|2.5p . and A^ = A^(c) > is the unique root determined by the 
following equation 



zX+ - [ Myi)e-^^y'dyi + d'{u+) = h'{u+)e 



/3(A+)2-A+CT 



(2.10) 



For easily understanding all cases mentioned in the above, we show them in Figure 12.11 
Before stating our main stability theorems, let us technically choose a weight function: 



w{xi) 



(2.11) 



1, for xi > X*, 

where A* = A*(c*) > is given in ()2.3p and ()2.4p . and > is a sufficiently large number such that, 

< d'(0(x,)) - / f(,iy)b\cPix. -yi- CT))dy < d'{u+) - b'{u^). (2.12) 

The selection of in (|2.12p is valid, because of d'{u^) — 6'(n_|_) > (see(H2)). In fact, we have 



hm d'mi)) = d'{u+) 
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> b'{u+) 

//3(y) lim b'{(t){^i -yi- cr)) dy 

Lgi-s>oo J 

= lim / //3(y)&'((/>(6 - 2/1 - CT))dy, 
which imphes that, by (H3), there exists a unique x^: ^ 1 such that, for ^1 G [x^, 00) 

d'{u+) - b'{u+) 

>d'mi))- [ fp{y)b'i^{Ci-yi-cr))dy 
> d'{(j){x^)) - / fi3{y)b'{(l){x^ - 2/1 - cT))dy 

>0. (2.13) 

Theorem 2.2 (Stability of planar traveling waves with time-delay) Under assumptions {Hi)- 
and {Ji)-{J2), for a given traveling wave 0(xi+ct) of the equation ()1.7p with c > c^, and (/)(±oo) = 
u±, if the initial datauQ{s,x) is bounded in [u-,u+] and uq — 4> & C{[—t,0]; {{^{M."-) Ci Ll^{W^)) and 
ds{uo-4>) G L^([-r, 0];i?™(M")nL^(M")) with m > |, then the solution of (jl.7p uniquely exists and 
satisfies: 

• When c > c*, the solution u{t,x) converges to the noncritical planar traveling wave (j){xi + ct) 
exponentially 

sup\u{t,x)-(l){xi + ct)\<C{l + ty^e-''^\ t>0, (2.14) 

where 

0<fir< mm{d'iu+) - b'{u+), ei[Gc{K) - H^{K)]}, (2.15) 
and £1 = £i{t) such that < ei < 1 for r > 0, and £1 = £i{t) — t- 0^ as t ^ +00; 

• When c = c*, the solution u{t,x) converges to the critical planar traveling wave (p{xi + c^t) 
algebraically 

sup |n(t,x) -(/)(xi + c*t)| < C(l + t)"S, t > 0. (2.16) 

However, when the time-delay r = 0, then we have the following stronger stability for the traveling 
waves but with a weaker condition on initial perturbation. 

Theorem 2.3 (Stability of planar traveling waves without time-delay) Under assumptions (Hi)- 

and {Ji)-{J2), for a given traveling wave </>(xi + ct) of the equation (jl.Sp with c > and 
(j){±oo) = u±, if the initial data uq{x) is bounded in [u_,n_|_] and uq — (p ^ H^{W^) n -L^(R") with 
m > ^, then the solution of (|1.8p uniquely exists and satisfies: 

• When c> c-t, the solution u{t,x) converges to the noncritical planar traveling wave (f){xi + ct) 
exponentially 

sup |M(t,x)-0(xi + ci)| <C(l + t)~Se-^o*, t>0, (2.17) 

where 

< /io < mm{d'{u+) - b'{u+), Gc{K) - H^iX*)}; (2.18) 
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• When c = c*, the solution u{t,x) converges to the critical planar traveling wave (p{xi + c^tt) 
algebraically 

sup \u{t,x) - (p{xi + c^t)\ <C{l + t)~^, t > 0. (2.19) 

Remark 2.4 

1. Comparing Theorem \2.2\ with time-delay and Theorem \2.3\ without time-delay, we realize that, 
the sufficient condition on the initial perturbation around the wave in the case with time-delay 
is stronger than the case without time-delay, but the convergence rate to the noncritical waves 
(j){xi + ct) for c> Cif in the case with time-delay is weaker than the case without time-delay, see 

for fir < ei[Gc{K) - H^iK)] < Ge(A*) - H,{X,), and ^M) for fio < Gc{K) - H^{K), 
and El = ei{T) — > 0+ as t ^ +oo. This means, the time-delay r > effects the stability of 
traveling waves a lot, not only the higher requirement for the initial perturbation, but also the 
slower convergence rate for the solution to the noncritical traveling waves. 

2. The convergence rates showed both in Theorem \2.2\ and Theorem \2.3\ are explicit and optimal, 
particularly, the algebraic decay rates for the solution converging to the critical waves. Actually, 
all of them are derived from the linearized equations. 

3 Linearized Nonlocal dispersion Equations 

In this section, we will derive the solution formulas for the linearized nonlocal dispersion equations 
with or without time-delay, as well as their optimal decay rates, which will play a key role in the 
stability proof in section 5. 

Now let us introduce the solution formula for linear delayed ODEs [28j and the asymptotic behav- 
iors of the solutions |41j . 

Lemma 3.1 ( [28j ) Let z{t) be the solution to the following linear time-delayed ODE with time-delay 
r > 

-zit) + kiz{t) = k2z{t - t) 



Then 



where 



z{s) = zq{s), s G [-r,0]. 
r{t) = e-*^^(*+")e^2*zo(-r) + j'' e-'^'^'-'^e^^^'-^-'^ + kiZo{s)]ds, (3.2) 

h := k2e'''\ (3.3) 
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and e^2* is the so-called delayed exponential function in the /< 



orm 



0, 
1, 

1 _|_ k^t 

J- ~r 1! ) 

1! 2! ' 



l + ^ + %^ + --- + 



kl^[t-{rri-l)TY 



— OO < t < — T, 
-T < t < 0, 

< t < r, 
T <t <2t, 

■, (m — l)r < t < mr, 



(3.4) 



and e^^* zs t/ie fundamental solution to 



-Z{t) = hz{t-T) 
z{s) = l, SG[-T,0]. 



(3.5) 



Lemma 3.2 ([41]) iei /ci > and ^2 > 0. T/ien the solution z{t) to (|3.ip ('or equivalently ()3.2p ) 



k(t)| < Coe- 



-k\t k2t 



where 



Co:=e-'=^n^o(-r)|+ j 6^=^^14(5) + A;iZo(5)|^is, 
and i/ie fundamental solution e^^* mt/i A;2 > to ()3.5p satisfies 

el^^ <C{l + t)-^e^^\ t>0, 



(3.6) 
(3.7) 

(3.8) 



/or arbitrary number 7 > 0. 

Furthermore, when ki > k2 > 0, i/iere exists a constant ei = £i{t) with < ei < 1 for r > 0, and 
£1 = 1 for T = 0, and £1 = £i{t) — j- 0^ as t ^ +00, such that 



and the solution z{t) to ()3.ip satisfies 



(3.9) 



(3.10) 



Now, we consider the following linearized nonlocal time-delayed dispersion equation (which will be 
derived in section 5 for the proof of stability of traveling wavefronts) 



- I Jiy)^ ^*yH{t,x-y)dy + civ 

= 02/ /My)e-^*(j^^+^-)t-(t - T,x - y)dy, 
v{s,x) = vo{s,x), sG[— r, 0], x e 
for some given constant coefficients c, ci and C2, where c > is the wave speed. 



(3.11) 
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We are going to derive its solution formula as well as the asymptotic behavior of the solution. By 
taking Fourier transform to (j3.1ip . and noting that, 



and 



we have 



where 



and 



J{y)e-^*y^v{t,x-y)dy {t,r]) 
^-ix-vf f j{y)e-^'yiv(t^x-y)dy]dx 

J{y)e-^*y^[ [ e-'^'-'+y>'^v{t,x)dx)dy 
e-'y'^J{y)e-^*y^dy)v{t,7^), 



My)e-^'^y'+'^'^vit -T,x- y)dy\ {t - T,rj) 
C2 [ e-^^-^( / f^iy)e-^*^y'+'^^v{t-T,x-y)dy)dx 

— r, X — y)dx]dy 



C2 / //3(y)e-^*(^i+^^) 

JR" 

C2 / //3(y)e-"*(^i+^^) 



e~''-^+yy'iv{t-T,x)dxjdy 
C2 I //3(y)e"^*(^^+'")e-^^-"( /" e-'''-''v{t-T,x)dx)dy 

JR" ^ JM" ^ 

(c2 / My)e-^*^y^+'^^e-'y^dy)v{t-T,v), 

V ran / 



dv 
'di 



+ A{r])v = B{r])v{t - T,ri), with v{s,ri) = vo{s,r]), sG[-r, 0], 



A{r]) := ci - / J(y)e 



JR" 



-A*(?/i+cr) -iy-)? 



e-'y-'^dy. 



(3.12) 



(3.13) 
(3.14) 

(3.15) 
(3.16) 



By using the formula of the delayed ODE ()3.2p in Lemma 13.11 we then solve ()3.14p as follows 



v{t,r,) = e-^('')(*+")ef('')*{)o(-r,r/) 

fO 



+ 



dsVo{s,ri) + A{r])vo{s,r]) 



ds, 



where 



B{r]) := B{ri)e^^'^^\ 
Then, by taking the inverse Fourier transform to ()3.17p . we get 

1 



(3.17) 
(3.18) 



v{t, x) 



(2vr) 
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1 



-r 

dsVo{s,rj) + A{r])vo{s,r]) 



glx-»?g-A(r,)(t~s)ge(»7)(t-T-s) 



drjds, 



(3.19) 



and its derivatives 



(27r) 



+ 



e^^-'^ (ir?j- ) e-^(^) ef *i)o ( -r, J?) dr? 



dsVo{s,rj) + A{rj)vo{s,rj) 

for = 0, 1, • • • and j = 1, • • • , n. 

Now we are going to derive the asymptotic behavior of v{t,x). 



drjds 



(3.20) 



Proposition 3.3 (Optimal decay rates for r > 0) Suppose thatvo G C([-t, 0]; i/™+i(M")nLi(M")) 
and dsvo G L1([-t, 0]; F'"(IR") n ^^(M")) for m > 0, and let 



(3.21) 



If ci > C3, t/ien i/iere exists a constant ei = £i{t) as showed in ()3.9p satisfying < ei < 1 for t > 0, 
such that the solution of the linearized equation (j3.11|) satisfies 



ci := ci - / J{y)e-^*y'dy, 

C3 := C2 / //3(y)e-^-(^^+'=^)% > 0. 



, t>0, 



(3.22) 



for A; = 0, 1, • • • , [m] and j = 1, - ■ ■ , n, where 

£vo ■■ = ll^^0(-T)||Li(lRn) + ||wo(-T)||/^fc(Kn) 
.0 

+ J [IIKs,^^0)(s)||l1(M") + ||(^^0s,^0)(s)||/ffe{R-)]c^S- 

Furthermore, if m > ^, then 

lb(*)llL°°(R") 
Particularly, when ci =03, t/ien 

ll'yl^JllL°°(R") 

Proof. Let 



/i(t,r/) : = (ir/,)'e-^('')(*+^)ef('')*i)o(-T,r/), 
/2(t-s,r/) : = (ir/,)'=e-^('')(*-'^)ef('^)(*— ^)k^)o(5,ry) + A(,7){)o(5,r?) 



Then, (|3.2U|) is reduced to 



d^^v{t,x) =J^-^[Ii]{t,x) + J T-^[l2]{t- s,x)ds. 



(3.23) 



(3.24) 



(3.25) 



(3.26) 
(3.27) 



(3.28) 
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So, by using Parseval's equality, we have 







\\hmLHR^)+ ||l2(t-s)||i2(K„)ds. (3.29) 



= e'^'i^exp^t / J{y)e'^''y^ cos{y ■ r])dy 



= e-^i* exp ( - t / J{y)e~^*y' (1 - cos(y • r/))(iy) 

=: e-^i*, with fei := ci + /" J(y)e"^*^i (1 - cos(y • r/))(iy, (3.30) 

Note that, using (j3.15p . (|3.16p . and the facts ^'''^^ ^ 1 fo'^ ^.h x G M, and J(y)sin(y • ri)dy = 
because J(y) is even and sin(y • r/) is odd, and J^„ J{y)dy = 1, we have 



e^p(-t[ J[y)e-^'y^ (1 - cos(y • ri))dy) 

^ JR" ^ 

= exp(-t/ J(y) (1 - cos(y • 7?))(iy) 

^ JR" ^ ^ 

< exp ( - t / J(y)(l - cos(y • ri))dy) 

= exp ( - t / J(y) [1 - [cos(y • r/) + i sin(y • r/)]]dy ) 

^ JR" ^ 

= e^^^'^-'^)^ (3.31) 



and 



and 



and further 



\B{r])\ < C2 / My)e-^'^y'+'^'>dy = cg =: A:2, (3.32) 

JR" 

|S(,;)| = |S(,?)e^(^)^| < cge'^i^ = A^se'^i" =: h, (3.33) 



If ci > C3, from (J2), namely, 1 — J(r/) = /C|r/|" — o(|r/|") > as r/ — )• 0, then /ci = ci + 1 — J(r/) > C3 = A;2. 
Using (f330D . (fSrsTT) . (fCTD and ([SJ]) in Lemma [321 we obtain 

llA(t)|li.(Mn) = / |e-^('')(*+^)ef('')*fio(-r,r?)p|^,f'^dr? 

JR" 

<C / (e-^i(*+^)e^^*)2|i)o(-r,7?)|2|^,f'^(i7? 

JR" 
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Again from (J2), there exist some numbers 0</Ci</C, 0<(5<1 and a > 0, such that 



/Ci|7?|" < 1 - J(r/) < /C|r/|°, as|r/|<a, 
J :=/Cia" < 1 - J(7?) < /C|r/|°, as |r/| > a. 



/ 



Therefore, we have 

-2^i(i--^(''))*|?)o(-T, v)\^\vj\^''drj 

n + 2k 



< WM-rWi 



^1 f^'i 



J \ri\>a 

< C{\\vo{-t)\\Ii^^„) + |bo(-r)||^fe(Ku) 

Substitute p.37p into ()3.35p . we obtain 



n+2k 



l|A(i)llL2{M") < C'(ll^^0(-T)||Ll(Rn) + |bo(-r)||j^fc(]j„))t 2. 

Thus, in a similar way, we can also prove 

\\h{t - s)||L2(]Rn) 



e 



(3.36) 



(3.37) 



(3.38) 



(3.39) 



Substituting (fOHl) and ([OO]) to ([329]), we immediately obtain ([3:22]) . 

Similarly, we can prove (|3.24|) . We omit the details. Thus, we complete the proof of Proposition 
331 □ 



For r = 0, the equation ()3.1ip is reduced to 

— + c- / J{y)e~^*y^v{t,x -y)dy + civ 

dt dxi J^n 

= C2 I My)e-^*^y'-^'^^v{t, x-y- CTei)dy, 
v{s, x) = vo{x), X G M". 

Taking Fourier transform to (|3.4Up . as showed in (|3.14p . we have 

dv 

— = [B{ri) - A{jf)\v, with 7)(0, r/) = ^0(7?), 



(3.40) 



(3.41) 
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where A{r}) and B(rj) are given in ()3.15p and ()3.16p with r = 0, respectively. Integrating ()3.4ip yields 

=e-[^('')~^(^)]*{}o(??). 
Taking the inverse Fourier transform, we get the solution formula 

^(*'^) = 7^ / ei^''e-[^('')-^('')l*i;o(r/)dr/. 

Then, a similar analysis as showed before can derive the optimal decay of the solution in the case 
without time-delay as follows. The detail of proof is omitted. 

Proposition 3.4 (Optimal decay rates for r = 0) Suppose that vq € H"^{W^) n L^(]R"')) for m > 
0, then the solution of the linearized equation (|3.4Up satisfies 

ll<.^(i)llL2{R") < C{\\vo\\Li(Rn) + |bo||//fe(Rn))t-'^e-(^i-^3)*, t > 0, (3.42) 

for k = 0,1, ■ ■ ■ , [m] and j = 1, - ■ ■ ,n, where the positive constants ci and C3 are defined in (j3.2ip for 
r = 0. 

Furthermore, ifm>^, then 

ll^^(i)llL-(M") < C'(lbo||Li(iR") + ll^^o||//fc(Rn))*"-e-(^'i-'=3)*, t > 0. (3.43) 
Particularly, when ci = 03, then 

I|w(*)IIl°°(K") < C'(II^o||li(R") + ||^^o||//fc(R"))i"", t>0. (3.44) 

4 Global Existence and Comparison principle 

In this section, we prove the global existence and uniqueness of the solution for the Cauchy problem 
to the nonlinear equation with nonlocal dispersion ()1.7p . and then establish the comparison principle 
in n-D case by a different proof approach to the previous work [5l [12] . 

Proposition 4.1 (Existence and Uniqueness) Let uq{s,x) G C([— t, 0]; C(M")) with = U- < 
uois,x) < M+ for {s,x) £ [— T, 0] x M", then the solution to ()1.7p uniquely and globally exists, and 
satisfies that u G {[0 , 00); C {W)) , and u_ < u{t,x) < n+ for {t,x) G M+ x M"). 

Proof. Multiplying (jl.7p by e^'^* and integrating it over [0, t] with respect to t, where rjo > will be 
technically selected in (|4.4p below, we then express (|1.7p in the integral form 



J(x - y)u{s, y)dy + (% - l)u{s, x) 

ds. (4.1) 



n(t,x) = e-''o*u(0,x) + / e-'"'^*-'^) 

JO 

-(i(^/(s,x)) + / fp{y)h{u{s - T,x - y))dy 

Let us define the solution space as, for any T G [0,c«], 

53 = ^u{t,x)\u{t,x) G C([0,T] X M") with u- < u < n+. 



ii(s,x) = uois,x),{s,x) G [-r,0] x (4.2) 
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with the norm 



where 



\u\\<s = sup e 
te[o,r] 



-vot\ 



770 := 1 + ??i + ??2, Vi '■= ™ax \d'{u)\, 772:= max |6'(u) 

u6[u_,M+] uG[ti_,u+] 



(4.3) 
(4.4) 



Clearly, 03 is a Banach space. 
Define an operator on OS by 



r{u){t, x) : = e-''o*txo(0, x) + f g-^o^*"") / J{x - y)u{s, y)dy + (770 - l)u{s, x 

Jo L ^R" 



d{u{s,x))+ fi3{y)b{u{s - T,x - y))dy 



ds, for < t < T, (4.5) 



and 



P(u)(s,a;) := uo(s, x), for sg[— t,0]. 



(4.6) 



Now we are going to prove that 7^ is a contracting operator from OS to OS. 

Firstly, we prove that P : 05 ^ 05. In fact, if e <8, from (Hi)-(H3), namely, = d{Q) < 
d{u) < d{u+), = 6(0) < b{u) < 6(n+), and d{u-^-) = 6(n+), and using the facts J^^ J{x — y)dy = 1, 
/iRn My)dy = 1, and 

g{u) := (r/o — l)u — d{u) is increasing. 



(4.7) 



which implies g{u^) > g{u) > g{0) = for u G [n_,'u+], then we have 

= u-< V{u) < e-''o*u+ + / e-'^o^*-") / J{x - y)u+dy 

Jo L R" 



e 



+ 

TO* 



(ryo - l)u+ - d{u+) + / f(s{y)b{u+)dy 

U++ [ e~''°^*'^^ [r]ou+ - d{u+) + b{u+)]ds 
Jo 



(4.8) 



This plus the continuity of V{u) based on the continuity of u proves 'P{u) G *B, namely, V maps from 
» to <B. 

Secondly, we prove that V is contracting. In fact, let ui, U2 & and v = ui — U2, then we have 



(4.9) 



/" e "o^* / J{x-y)v{s,y)dy + {rio-l)v{s,x)-[d{ui{s,x))-d{u2{s,x))] 
Jo L-'R" 

+ / f/3{y)[b{ui{s-T,x-y))-b{u2{s-T,x-y))]dy ds. (4.10) 

JR" 



So, we have 



\V{ui)-Viu2)\e-'i'>^ < r e-2^°(*-") (r/o + max |(i'(i 

Jo ^ ue[u-,u+] 



u)\ I ||7;||ig(is 



+ max \b'{u) 
ue[u-,u+] 



^ e-^'^o^^-'^lvyds, fort>T 



for < i < T 
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. % + ??1 + ^2 II II 



2r?o 
2r?o - 1 

2% ' 

/o||w||q3 (4.11) 



for < /3 := ^ 2°r;o ^ < 1' namely, we prove that the mapping V is contracting: 

\\V{ui) - ^(^2)1125 < p\\ui - U2\\<3 < \\ui - U2\\^. (4.12) 

Hence, by the Banach fixed-point theorem, V has a unique fixed point u in 55, i.e, the integral 
equation (|4.ip has a unique classical solution on [0, T] for any given T > 0. Differentiating (j4.ip with 
respect to t, we get back to the original equation ()1.7p . i.e., 

ut = J *u - u + d{u{t,x)) + fp{y)b{u{t - T,x - y))dy, (4.13) 

then we can easily confirm from the right-hand-side of ()4.13p that ut G C([0, T] x M"). This completes 
our proof. □ 

Remark 4.2 From the proof of Proposition ^^ we realize that, when uq{s , x) G C'^([— r, 0] x R"), then 
the solution of the time-delayed equation (|1.7p /loZds n(t,3;) G C'^^"'^([0, oo); C(M")); while for the non- 
delayed equation (jl.Sp ('i.e., r = Oj, if uq{x) G C(]R"), i/ien i/ie solution of the non-delayed equation 
(jl.Sp /loWs u{t,x) G C°°([0, oo); C(M")). T/iis means that the solution to the nonlocal dispersion 
equation ()1.7p possesses a really good regularity in time. However, the solutions for ()1.7p Zac^ t/ze 
regularity in space. 

Now we establish two comparison principle for ()1.7p . Although the comparison principle in ID case 
were proved in [SJ [12] . Here we give a comparison principle in n-D case with much weaker restriction 
on the initial data. The proof is also new and easy to follow. Different from the previous works [5tll2). 
instead of the differential equation ()1.7p . we will work on the integral equation ()4.ip . and sufficiently 
use the property of contracting operator V. 

Let u(t,x) be an upper solution to ()1.7p . namely 

du f 

J*u + u + d{u{t,x)) > / fp{y)h{u{t-T,x-y))dy, 



dt ^ ^ ' Ur.-''"" ' ' (4.14) 

■u(s,x) > no(s,x), s G [— T, 0], x G M", 



where its integral form can be written as 



u 



{t,x) > e-''o*u(0,x) + / e-''o(*~") 







J(x - y)u{s, y)dy + (% - l)'u(x, s) 



d{u{s,x))+ fp{y)b{u{s -T,x -y))dy 



ds, for t > (4.15) 



and let u{t, x) be an lower solution to (jl.7p satisfying (j4.14p or (j4.15p conversely. Then we have the 
following comparison result. 
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Proposition 4.3 (Comparison Principle) Let u{t, x) and u{t, x) be the classical lower and upper 
solutions to (|1.7p . with n_ < u{t,x), u{t,x) < n+, respectively, and satisfy < x) < and 
< u{t, x) < u+ for (t, x) G M+ X M". Then u{t, x) < u{t, x) for {t, x) G [0, oo) x M". 

Proof. We need to prove u{t, x) — x) > for (t, x) G [0, cxd) x R", namely, r{t) := inf^^gRn v(t, x) > 
0, where v{t, x) := u{t, x) — u{t, x). 

If this is not true, then there exist some constants e > and T > such that r{t) > — ee^** for 
t G [0,r) and r{T) = -ee^'^o'^, where r]Q given in (|4.4p . 

Since u{t, x) and u{t, x) are the lower and upper solutions to ()1.7p and u{s, x) — u{s, x) > 0, for 
s G [-r,0], and using (g^]) and (gZ]), and noting > -ee^^'o^ for G [0,T] x M", 

then we have, for < t < T, 

u{t, x) — u{t, x) 

> e-''«*[u(0,x) -u{0,x)] 

-voit^s)f I Ji^x-y)[u{s,y)-u{s,y)]dy 
+g{u{s,x)) - g{u{s,x)) 

+ / ff3{y)[biuis - T,x - y)) - b{u{s - T,x - y))]dy)ds 



ft 

+ / e- 





> re-'?o(*-^)f -ee^^o^ _ ^nax g' {Oee^'^'")ds 



> 



^ Cg[«-,«+ 

I / /^*e-''«(*-'^)ee3'?o(«-^)ds, for t > r 
— nicLX {U)\ \ 

«G[«_,«+] [O, for < t < r 

-(r/o + l)ee-''o* /g e'^^'^'^ds - r/oee-^^o^e"'"'* e^^'o^'ds, for t > r 
-(r/o + l)ee-''o* /(J e^^'ds, for < t < r 

2% + l.„3„ot 



> ^^ee'^**. (4.16) 

4r?o 

Thus, from the assumption we know 

- ee^^o'^ = inf {u{T, x) - u{T, x)) > _ 2^o + l gg3^oT (4^17) 

which is a contradiction for r/o > ^. Here, our 770 defined in (|4.4p satisfies 770 > 1- Thus the proof is 
complete. □ 

5 Global Stability of Planar Traveling Waves 

The main purpose in this section is to prove Theorems 12.21 for all traveling waves including the critical 
traveling waves. 

For given traveling wave 4'{xi + ct) with the speed c > and the given initial data U- < uq{s, x) < 
u+ for {s,x) G [— T, 0] X M", let us define Uq{s,x) and Uq{s,x) as 

Uq{s,x) : = mm{(p{xi + cs),Uo{s,x)} 

Uq{s,x) : = m.ax{(j){xi + cs),uo{s,x)} (5-1) 
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for {s,x) E [-r,0] x W'\ So, 

uo-(l> = {U+ -<!)) + (U^ -<P). 

Since uq - <p e C{[-t, 0]; F™+1(M") n Ll{W)) with m > f and > 1 (see (i2TTD ). and noting 
Sobolev's embedding theorem i?™(M") C(M"), we have uo - (j) e C([-t, 0]; C(M")). On the other 
hand, the travehng wave 4>{xi + cs) is smooth, then we can guarantee U^{s,x) £ C([-r, 0]; C7(M")). 
Thus, applying Proposition 14. H we know that the solutions of ()1.7p with the initial data Uq{s,x) and 
Uq{s,x) globally exist, and denote them by U^{t,x) and U'{t,x), respectively, that is, 

_j^U^ + U^ + d{U^)= fp{y)biU^{t-T,x-y))dy, 

at J^n {b.l) 

U'^{s,x) = U^{s,x), xGM", s£[-t,0]. 
Then the comparison principle (Proposition I4.3p further implies 

i < U-(t,x) < u(t,x) < U'^(t,x) < u+ . . X „ . X 

< - V > ; - V > y - \ , J - + for (t,2;) G M+ X M". 5.3 

[u^ <U-{t,x) <(l){xi + ct) <U+{t,x) <u+ 

In what follows, we are going to complete the proof for the stability in three steps. 

Step 1. The convergence of U~^{t,x) to 4>{xi + ct) 

Let 

V(t,x) := U^(t,x) - (j){xi + ct), Vo{s,x) :=U^{s,x) - (j){xi + cs). (5.4) 
It follows from ()5.3p that 

V{t,x)>0, Vb(s,2;)>0. (5.5) 
We see from ()1.7p that V{t, x) satisfies (by linearizing it around 0) 

— - / J{y)V{t, X - y)dy + V + d'{Q)V 

-b'{0) [ fp{y)V{t-T,x-y)dy 

= -Qi{t,x)+ I ff,iy)Q2it-T,x-y)dy + [d'{0)-d'{cP{xi + ct))]V 



+ / f^iy)[b'{(l,{xi-yi + c{t-T))-b'{0)]Vit-T,x-y)dy 
= : Ii{t,x) + hit - T,x) + l3{t,x) + hit - T,x), (5.6) 

with the initial data 

Vis,x) = Vois,x), sG [-T,0], (5.7) 

where 

Qi{t,x) = d{^ + V)-d{^)-d'{(l))V (5.8) 
with <j) = (j){xi + ct) and V = V{t, x), and 

Q2{t - T, X - y) = 6(0 + y) - 6(0) - 6'(0)y (5.9) 

with (j) = (j){xi — yi + c{t — t)) and V = V{t — t,x — y). Here h, * = 1, 2, 3, 4, denotes the i-th term 
in the right-side of line above ()5.6p . 
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From (H3), i.e., d"{u) > and b"{u) < 0, applying Taylor formula to ()5.8p and ()5.9p . we immedi- 
ately have 

Qi{t,x)>0 and Q2it — t,x — y) < 0, 

which implies 

h{t,x)<0 and /2(i-r,x)<0. (5.10) 

From (H3) again, since d'{(p) is increasing and b'{<j3) is decreasing, then d'{0) — d'{(j){xi + ct)) < and 
b'{(j){xi - yi + c(t - r))) - 6'(0) < 0, which imply, with V >0, 

l3{t,x)<0 and /4(t-r,x)<0. (5.11) 
Thus, applying (jS.lOp and ()5.1ip to ()5.6p . we obtain 

J*V + V + d'iO)V -b'{0) [ fi3iy)V{t-T,x -y)dy <0. (5.12) 
Let V{t,x) be the solution of the following equation with the same initial data Vo{s,x): 



dV 
'dt 



dV - - - f 

-Kr-J*V + V + d'{0)V - b'{0) / My)V{t -t,x- y)dy = 0, (t, x) G ii+ x 

at J fin 

yis,x) = Vois,x), s G[-T,0],x gW^. 



(5.13) 



From Proposition 14.11 we know that V{t, x) globally exists. Furthermore, (|5.13p is actually a linear 
equation, and its solution is as smooth as its initial data. By the comparison principle (Proposition 
we have 

<V{t,x) <V{t,x), for (t,x) e 1R+ X M". (5.14) 

Let 

v{t, x) := e-^*(^i+=t-^*)y(t, x). (5.15) 



J{y)e ^*^^v{t, x — y)dy + civ 

= C2 [ Uiy)e-'''^y'+'^^vit - r, X - y)dy, (5.16) 



From ()5.13p . v{t,x) satisfies 

dv 
di 



where 

ci := cA* + 1 + (i'(0) > 0, and C2 := 6'(0). (5.17) 
When T = 0, then ()3.40p is reduced to 

^- [ J{y)e-^*y'v{t,x-y)dy + civ = C2 [ fp{y)e-^*y^v{t,x-y)dy. (5.18) 

Applying Proposition 13.31 to (j5.16p for r > and Proposition 13.41 to (I5.18P for r = 0, we obtain the 
following decay rates: 

\\v{t)\\L^C^n^<Ct-'^e-'^^^^-^^'^\ for r>0, (5.19) 
||t>(t)||ioo(Kn) < Ct~"e~(^i~^3)*, for r = 0, (5.20) 
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where < ei = ei(T) < 1, and C3 is defined in p.2ip . which can be directly calculated as, by using 
the property (jl.lip . 

= b'{0) [ fMe-'^^y^+'-^dy, 

= b'{0)e^^'-^"'^ > 0. (5.21) 

and 

ci = cA* + 1 + d'{0) - [ J{yi)e-^*y^dyi = cK + d'{Qi) - E^iK). (5.22) 

When c > c*, namely, the wave (/>(xi + ct) is non-critical, from ()2.7p in Theorem 12. H we realize 

ci := cK + (i'(0) - E^{K) = Gc{K) > H^iX^) = 6'(0)e^^'-^*"^ =: C3. (5.23) 

Thus, (|5.19p and (|5.2Up immediately imply the following exponential decay for c > 

||t;(t)|Uco(Rn) < C7t-Se-"i'^*, for r > 0, (5.24) 
lb(i)llL-(R") < C'fSe"'^*, forr = 0, (5.25) 

where 

A := ci - C3 = Ge(A*) - /7c(A*) > 0. (5.26) 
When c = c^:, namely, the wave <j){xi + c*i) is critical, from (j2.8p in Proposition l2.lt we realize 

ci := cA* + d'(0) - ^c(A*) = Ge(A,) = i7,(A*) = b\0)e^^'-^*'^ := C3. (5.27) 

Then, from (|5.19p and ()5.20p . we immediately obtain the following algebraic decay for c = 

||f(t)||ioo(iRn) < Ct^S, for allr > 0. (5.28) 

Since V{t,x) < V{t,x) = e^*(^i+'=*-^*)7;(t, 0, and < e^*(^i+^*-^*) < 1 for xi £ (-00, - ct], we 
immediately obtain the following decay for V. 

Lemma 5.1 LetV = V{t,x). Then 

1. when c> Cif, then 

ll^(i)llL-((-oo, x,-rf]xR"-i) < C(l + t)-'ie-'^~^\ for r > 0, (5.29) 
ll^(t)llL-((-oo, x.-rf]xR-i) < C{1 + tr^e-^\ for r = 0; (5.30) 

Here fi := ci — 03 = Gc{X*) — Hc{X*) > for c> c^. 

2. when c = c^,, then 

II^(*)IIl-((-oo, x,-ct]xR-i) <C(l + i)"^, forallT>0. (5.31) 
Next we prove V{t, x) exponentially decay for x G [x* — ct, 00) x 
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Lemma 5.2 For r > 0, it holds that 

II^WIlL-([x,-rf,oo)xR"-i) < Ct-^e-^'-\ for c > c*, (5.32) 
\\y{t)\\L^{[x-,-ct,oo)xW^-^) <Ct~^, forc = c^, (5.33) 

with some constant < < mm{d'(n+) — 6'(ti+),ei/i} for c > c*. 

Proof. From (fOj) and ([LQ]) . as set in (fOj) y(t,a;) := C/+(t,x) - (/>(xi + ct), we have 
dV 



J*V + V + d{(l) + V)-dicp)= fpiy)[b{<P + V)-b{<P)]dy. (5.34) 

Ot JlRn 

Applying Taylor expansion formula and noting (H3) for d"{u) > and b"{u) < 0, we have 

d{(f> + V)- d{^) = d'{(t>)V + d"{^i)V^ > d'{(t>)V, (5.35) 
b{<p + V)- b{<t)) = b'{<t>)V + b"{h)y^ < b'{(p)V, (5.36) 

where 4>i {i = 1,2) are some functions between (p and (j) + V. Substituting ()5.35p and ()5.36p into ()5.34p . 
and noticing Lemma |5. 11 we have 

r dV f 

-K7-J*V + V + d'{<p)V < / fp{y)b'{<p{xi -yi + c{t - T)))V{t -t,x- y)dy, 

for t > 0, E M" (5 37) 

l^Ui<x.-ct < C2(l + t)-^e-^i'^*, for t >0,(X2,-- - ,x„) gM'^-^ 

y\t=s = VQ{s,x), for s G [-r,0],x G M*" 

for some positive constant C2. 
Let 

V{t) = C^{l + T + t)-'^e~^^' (5.38) 

for C3 > C2 > max(^ .j.)g[_^o]xR" l^o('5, a;)|. As in (|2.12p . for given Q < < 1, we can select a 
sufficiently large number such that, for ^1 > x,, ^> 1, 



'^'(</'(6)) - / fp{y)b'mi -yi- CT))dy > eo[d\u+) - b'{u+)] > 0. (5.39) 



Thus, we have 
dV 



J*V + V + d'{<P)V- fp{yWmi-yi-cr))V{t-T)dy 

= --C^{1 + t + T)-S-ie-'^-* - firCsil + i + T)-Se-^-* 
a 

+C3(l + t + T)-Se~^^*d'(0(ei)) 

-C73(l + t)-Se-^-(*--) / fp{y)b'mi -yi- cT))dy 



= C3(l + t + r)-^e-'^-*| [d'(0(6)) - / //3(y)6'(</.(ei - yi - CT))dy\ - 

-^(1 + t + .)- - (e-^ (^) - 1) £ /,(.)5'(^(6 - - cr))dy} 
> C3{1 + t + r)-Se-'^-*|eo[c^'(^^+) - b\u+)] - /i, - -(1 + t + r)"^ 
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1+t , , 



fp{y)b'{(t){ii -yi- cr))dy| 



l + t + T^ 

> (5.40) 

by selecting a sufficiently small number 

< l^r < - b'{u+) for c > c*, (5-41) 

Hr = for c = c*, (5-42) 

and taking t > Iqt for a sufficiently large integer Zq ^ 1- Hence, we proved that 

— -J*V + V + d!{ct>)V > / MvWmi -yi- CT))V{t - T)dy, 

for t > Iqt, ^ G [x*, +oo) x R""! (5.43) 

^^la=x. ='^3(l + r + t)-Se-^-*>C2(l + t)"Se-^^^*, for t > 0, fe, • • • ,^n) GM""! 
= C73(l + r + 0"-e-'^^* > Vo{t,0, for t G [-r,/or],e S M". 

Denote := > — ct, t > Zq''") (3^2)' ■■ G M"^"*^}. Noticing the construction of 
()5.37p and ()5.43p . then similar to the proof of Proposition 14.31 , we know that 

V{t) - V{t, x) > 0, for (x, t) G M" X [-r, 00) \ Q. (5.44) 

Thus the proof is complete. □ 

For r = 0, it is easy to prove the corresponding results as follows. 

Lemma 5.3 For r = 0, it holds that 

ll^(*)llL-([x,-cf,oo)xM'-i) < Ct-^e'^'-^ for c > c*, (5.45) 

\\V{t)\\L°°i[x,-ct,oo)xRr^-l) < Ct-^, forc = c^, (5.46) 

with some constant < < min{(i'(n+) — 6'(ti+),ei/i} for c > c*. 

Combing Lemma l5. ll -Lemma 15.31 we obtain the decay rates for V{t,x) in L°°(IR"). 

Lemma 5.4 It holds that: 

1. when c> Ci^, then 

\\V{t)\\L^^^^)<C{l + t)-'ie~''-\ forT>0, (5.47) 

l|V^(i)llL-(Rn) < C(l + t)-Se-'^»*, for r = 0, (5.48) 

where < fir < iiim{d'{u+) — b'{u+),£i[Gc{X*) — Hc{X^)]} with < ei < 1 for t > 0, and 
< Ho < ram{d'{u+) - b'{u+),Gc{X^) - i^c(A*)} for r = 0; 

2. when c = c^,, 

ll^(i)llL-{R") < C'll + forallT>0. (5.49) 

Since V{t,x) = U'^{t,x) — 4'{xi + ct), Lemma 15.41 give directly the following convergence for the 
solution in the cases with time-delay. 
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Lemma 5.5 It holds that: 

1. when c> Cif, then 

sup |C/+(t,x)-0(3;i + ct)| <C(l + t)"^e-^^*, /or r > 0, (5.50) 

sup |C/+(t,a;) +ct)| < C(l + t)-^e-^o*, /or r = 0, (5.51) 

where < fi-,- < inm{d'{u+) — b'{u+),ei[Gc{X*) — Hc{X:t)]} with < ei < 1 for r > 0, and 
< Ho < mm{d'{u+) - 6'(n+), Gc(A*) - i^c(A*)} for r = 0; 

2. when c = c^, then 

sup \U+{t,x) - (l)ixi + cj)\ <C{l + t)-^, forallT>0. (5.52) 

Step 2. The convergence of U^(t,x) to <?!<(xi + ct) 
For the traveling wave <j3{xi + ct) with c > c*, let 

F(t,x) = ^(xi + ct) - f/"(t,x), Vb(s,x) = ^(xi + cs) - f/o"(s,x). (5.53) 

As in Step 1, we can similarly prove that U^{t,x) converges to </)(xi + ct) as follows. 

Lemma 5.6 It holds that: 
1. when c> c-t:, then 

sup |C/-(t,3;)-0(xi + ct)| <C(l + t)~«e~^^*, /or r > 0, (5.54) 

sup |C/-(t,3;)-0(3;i + ct)| <C(l + t)-^e-^o*, /or r = 0, (5.55) 

where < fir < inm{d'{u+) — b'{u+),ei[Gc{X*) — -frc(A*)]} with < ei < 1 for r > 0, and 
< Ho < min{d'('u+) - 6'(n+), Gc(A*) - i?c(A*)} /or r = 0; 



2. when c = c^,, then 

sup |C/"(t,x) - </>(xi + c*t)| < C(l + forallT>0. (5.56) 

Step 3. The convergence of u{t, x) to (/)(xi + ct) 

Finally, we prove that u{t,x) converges to (/)(xi + ct). Since the initial data satisfy Uq{s,x) < 
uoisjx) < Uq{s,x) for {s,x) G [— t, 0] x M", then the comparison principle implies that 

U~{t,x) < u{t,x) < U+{t,x), {t,x) £ R+x M". 

Thanks to Lemmas 15.51 and 15.61 by the squeeze argument, we have the following convergence results. 

Lemma 5.7 It holds that: 
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1. when c> Cif, then 

sup |n(t,2;) - </>(xi +ct)| < C(l + t)"Se"^"*, for t > 0, (5.57) 
sup \u{t,x) - (j){xi + ct)\ <C{l + ty^e-f'°\ forT = 0, (5.58) 

where < /.i,- < mm{d'(ti+) — b'{u+),ei[Gc{X*) — Hc{X:t)]} with < ei < 1 for r > 0, and 
< Ho < mm{d'{u+) - 6'(n+), Gc(A*) - i?c(A*)} for r = 0; 

when c = c*, i/ien 

sup |n(t,x) -(/)(xi + c*t)| < C(l + t)"«, forallT>0. (5.59) 

6 Applications and Concluding Remark 

In this section, we first give the direct applications of Theorem 12. m2.2l to the Nicholson's blowflies type 
equation with nonlocal dispersion, and the classical Fisher-KPP equation with nonlocal dispersion. 
Then we point out that, the developed stability theory above can be also applied to the more general 
case. 

6.1 Nicholson's blowflies equation with nonlocal dispersion 

For the equation ()1.7p . by taking d{u) = 5u and b{u) = pue~°''^ with 5 > 0, p > and a > 0, we get 
the so-called Nicholson's blowflies equation with nonlocal dispersion 

{^-J^u + u + 6u{t, x))=p [ fp{y)u{t - r, X - y)e-'^<'--'^-yUy, 

< (Jt Jr^ (6.1) 

[u(s,x) = uo{s,x), s G [— T, 0], X G M". 

Clearly, there exist two constant equilibria n_ = and ti+ = ^ln|, and the selected d{u) and b{u) 
satisfy the hypothesis (Hi)-(H3) automatically under the consideration of 1 < | < e. Let J{x) satisfy 
the hypothesis (Ji) and (J2), from Theorem 12.11 and Theorem 12.21 we have the following existence of 
monostable traveling waves and their stabilities. 

Theorem 6.1 (Traveling waves) Let J{x) satisfy (Ji) and (J^)- For ()6.ip . there exists the minimal 
speed c* > 0, such that 

• when c> c^:, the planar traveling waves (f){x ■ ei + ct) exist uniquely (up to a shift); 

• when c < c^:, the planar traveling waves (j){x ■ ei + ct) do not exist; 
Here c* > and A* > are determined by 

Hc,{K) = Gc.(A*) and i^e.(A*) = ^^^(A,), 

where 

HciX) = pe^^^-^"^ and Gc(A) = cX - [ Ji{yi)e-^y^ dyi + 1 + 5. 

Jr 

Particularly, when c > c^, then Hc{X*) < Gc(A*). 
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Theorem 6.2 (Stability of traveling waves) Let J{x) satisfy (Ji) and (J2), cind the initial data 
be uo-^ e C([-r,0];//™(M") n Li,(M")) and ds{uo L\[-t,0]; H^+^R'') n Li,(M")) with 

m > ^, and U- < uq < u+ for {s,x) G [—t,0] x M". Then the solution of ()6.ip uniquely exists and 
satisfies: 

• when c> c-t:, then 

sup |n(t,x) + ct)| < C(l + t)"-e"''"*, t > 0, (6.2) 

for < fir < mm{d'{u^) — 6'(u+), ei[Gc{X*) — -ffc(A*)]}, and ei = ei{T) such that < ei < 1 
for T > and ei = 1 for r = 

• when c = Cif, then 

sup |n(t,x) -(/>(xi + c*t)| < C(l + t)"S, t > 0. (6.3) 
6.2 Fisher-KPP equation with nonlocal dispersion 

For the equation (|1.7p . let d{u) = u'^, b{u) = u and the delay r = 0, and take the limit of (jl.7p as 
/? — 7- 0^, we get the classical Fisher-KPP equation with nonlocal dispersion without time-delay 

du ^ ,^ , 

--J*u + u = u{l-u) ^g^^^ 
m(0,x) = no(x), X £ R"'. 

Then we have the existence of the monostable traveling waves and their stabilities from Theorem 12.11 
and Theorem [ 



Theorem 6.3 (Traveling waves) Let J{x) satisfy (Ji) and (J2)- For (|6.4p . there exists the minimal 
speed c* > 0, such that 

• when c > c*, the planar traveling waves (j){x ■ ei -|- ct) exist uniquely (up to a shift); 

• when c < Cif, the planar traveling waves (j){x ■ ei -|- ct) do not exist; 

Here c^ := X^^ j^Ji{yi)e^'^*y^dyi, and A* > is determined by + X*yi)Ji{yi)e^'^*y^dyi = 0. 
When c > c*, then Hc{X*) < Gc{K), where Hc{X*) = 1 and Gc{X*) = cA* — j^Ji{yi)e~'^*y^dyi + 1. 

Theorem 6.4 (Stability of traveling waves) Let J{x) satisfy (Ji) and (J2), cind the initial data 
beuo- (p e C([-r,0];if™(M") n Li{M'')) with m > f , and U- < uq < u+ for x G M". Then the 
solution of ()6.4p uniquely exists and satisfies: 

• when c> c^:, then 

sup\u{t,x)-(j){xi + ct)\<C{l + t)~^e~f"'\ t>0, (6.5) 

for 0< fio< mm{d'{u+) - b'{u+), Gc{X*) - i?c(A*)}; 

• when c = c^, then 

sup |n(t,x) - (/)(xi + c*t)| < C(l + t)"S, t > 0. (6.6) 
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6.3 Concluding Remark 

Here we give a remark on the wave stability to the generalized equations with nonlocal dispersion. 
Let us consider a more general monostable equation with nonlocal dispersion 



^ - J *u + u + d{u{t, x)) = f(^J^ K{y)h{u{t -t,x- y))dy^ , 
^u{s,x) = uq{s,x), s G [— t, 0], X e M", 

where J{x) satisfies (Ji) and (J2) as mentioned before, and F{-), d{u), b{u) and g{x) satisfy 



(6.7) 



(ni) There exist u_ = and u+ > such that d{0) = 6(0) = F(0) = 0, d{u+) = F(6(u+)), 
deC^ [0, u+],be C2 [0, M+] and F e C^iO, b{u+ )] ; 

(^2) F'{0)b'{0) > d'{0) > and < F'(6(n+))6'(u+) < rf'(n+); 

(•^3) d'{u) > 0, b'iu) > 0, d"{u) > and b"{u) < for n G [0,u+]; 

[Ui) F'{u) > and F"{u) < for n G [0,6(u+)]; 

(7^5) n{x) is a smooth, positive and radial kernel with Jjg„ K{x)dx = 1 and Jjg„ K(x)e~'^^^(ix < +00 
for all A > 0. 

Then, by a similar calculation, we can prove the existence of the traveling waves (p{xi + ct) for c > c^,, 
where c^, > is a specified minimal wave speed, and that the noncritical traveling waves with c > c* 
are exponentially stable and the critical waves with c = c^, are algebraically stable. 

Theorem 6.5 (Traveling waves) Assume that (Ji)-(J2) o-nd {Hi)-{H^) hold. For (|6.7|) . there exists 
the minimal speed c* > 0, such that 

• when c> c^:, the planar traveling waves (j){x ■ ei + ct) exist uniquely (up to a shift); 

• when c < Cif, the planar traveling waves (j){x ■ ei + ct) do not exist; 
Here c* > and A* = A^,(c*) > are determined by 

^c.(A*) = gc.(A*) and K^K) = g',^{K) , 

where 

ndX) = F'{0)b'{0) [ e-^y^K{y)dy, ^^(A) = cA - / Ji(yi)e-^^Myi + 1 + d'(0). 
When c> c^, then 

FlciK) < Gc(A*). 

Theorem 6.6 (Stability of traveling waves) Assume that (Ji)-(J2) and {T-Li)-{T-L^) hold. Let the 

initial data be uq - e (7([-t, 0]; F™+i(M") n Li,(M")) and dsiuo -</>)€ L1([-t, 0]; F^+^M") n 
Ll{W)) with m>\, and u- < uq < U-^ for x G M". Then the solution of ()6.7p uniquely exists and 
satisfies: 
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• when c> Ci,, then 

sup \u{t,x)-(t){xi+ct)\<C{l + t)~^e~^°\ t>0, (6.8) 

for < fir < min{(i'(it+) — b'{u+), ei[Gc(A*) — ifc(A*)]}, and < £i < 1 for r > and ei = 1 
for T = 0; 

• when c = c^, then 

sup \u{t,x) - (f){xi + c^t)\ <C{l + t)~^, t>0. (6.9) 
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